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ByMartinZlotnickandSamuelW. Robinson,Jr.

Forthepurposeofcalculatingtheaerodynamicloadingonthe
fuselage,themidwingwing-fuselagecotiinationwitha fuselageof cir-
cularcrosssectioncanbe representedby a simplesystemofhorseshoe
vorticeslocatedonthewingwithimageslocatedinsidethefuselage.
By usingthissimplifiedmathematicalmodelortheefiensionofit given
in anappendixfornonmidwingconfigurationswithfuselagesofarbitrary
crosssection,a methodforcalculatingtheliftandlongitudinalcenter
ofpressureonthefuselageinthepresenceofthewingat subsonic
speedsispresented.

h additionthereportshowshowthesimplifiedmathematicalmodel
canbeusedforcalculatingthedownwashbehindthewingsmdforcalcu-
latingthespanwiseliftdistributiononthewingformidwingconfigura-
tionswithaxisymnetricfuselages.

INTRODUCTION

Mutualinterferencebetweenwingandfuselagehasa significant
effectonthepitchingmomentofthewing-fuselageconibination,since
thelongitudinaldistributionoftheaerodynamicloadingonthefuse-
lageisalteredby thepresenceofthewing.~lthopp(ref.1)has
developeda theoreticalmethodforcalculatingthepitchingmomenton
wing-fuselagecombinationswithunsweptM_ngswhichgivesgoodagree-
mentwithexperimentalresults.However,forcalculatingthepitthing
momentonswept-wingconfigurations>onlysemiempiricalmethodssuch
asthatofreference2 areavailable.

%3upersedestherecentlydeclassifiedNACARM L52J27a,“ASimpM.-
fiedMathematical.ModelforCalculatingAerodynamicImdingandDownwash
forMidwingWing-~elageCombinationsWithWingsofArbitraryPlanForm”
byMartinZlotnickandSamuelW. Robinson,Jr.,1953.
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2 NACATN 3057

Theaerodynamicloadingonthefuselagein subsonicflowis con-
sideredinreferences1 snd2 tobe madeup oftwoparts.Thefirst
part,whichisduetothefuselageangleof attackresultingfromboth
thegeometricangleofattackofthefuselageandtheupwashangle
inducedby thewing,hasbeencalculatedinreference1 forunswept-
wingconfigurationsandmdifiedinreference2 fortheswept-wing
case.Thesecondpart,whichis oftenreferredto asthewinglift
“carriedover”by thefuselage(andwhichwillbe referredtointhis
paperasthe“inducedlift”),hasbeencalculatedanalyticallyforthe
unswept-wingcaseinreference1. However,forsweptwingsthiscalcu-
lationcannotbe appliedandno othertheoreticalmethodhasbeenavail-
able. b reference2 thiscomponentofloadingisestimatedby an
empiricalmethod.

33orderto calculatetheinducedliftonthefuselagein combina-
tionwitha wingof arbitraryplanform,a methodissuggestedinthe
present~aperwhichisbasedonLennertz’theoreticalwork(ref.3).
Lennertz results,whichsreconcernedonlywithanunsweptlifting
Mne passingthroughtheaxisofaninfinitelylongcykhlricalfuselage,
are,in effect,generalizedsothatformidwingconfigurationsin sub-
sonicflowthemagnitude,lateraldistribution,andlongitudinalcenter
ofpressureoftheinduced13ftonan sxisymmetricfuselsgecombined
witha sweptliftingline,orevena liftingsurface,canbe calculated.
An etiensionofthismethodto configurationswitharbitr~ fuselage
crosssectionandwinglocationisdescribedin appendixA. Thisexten-
sionisbasedona resultofFlax(ref.4) andpermitsthecalculation
ofthemagnitudeandlongitudinalcenterofpressureoftheinduced
lift,butnotitslateraldistribution.A numericalexampleisgiven
in appendixB to illustratetheinduced-liftcalculations.Theeffect
offinitefuselagelengthis estimatedqmlitativelyfromresultsofan
approximatee calculationofthevariationwithfinenessratioofthe
inducedlifton anellipsoidofrevolutionconibinedwithauinfinite
vortex.Theapproximatecalculationisshownto giveresultswhich
agreewithresultsofVandrey(ref.~).

b calculatingtheinducedliftontheinfinitelylongfuselage
witha circularcrosssection,thewing-fuselagecombinationisreplaced
witha simplesystemofhorseshoevortices(ordoublets)onthewing,
withimagesinsidethefuselage.Thisrepresentationmsybeused,with
somemodifications,in calculatingtheliftonthewingfora midwing
configurationwitha fuselageof circukrcrosssectionandalsothe
correspondingdownwash.However,forcalculatingthedownwashandthe
13.ftonthewing,thesimplifiedrepresentationofthewing-fuselsge
cdination,althoughitis consideredtobe adequate,isno longer
rigorous,andthegeneralapplicabilitywilldependon experimental
verification.
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SYMBOJS

aspectratio(wingdone)

maximumradiusofbodyofrevolution

wingspan

wingchord

meanchord,S/b

localMft coefficient

majoraxisofellipsoidofrevolution

totalliftonfuselage

numberofhorseshoevortices

staticpressure

free-streamstaticpressure
.

dynamicpressm

wingarea(wingalone)

semispanofboundlegofhorseshoevortex

free-streamvelocity

maximumlongitudinal.velocityon surfaceofbody

longitudinalcenterofpressure

vortexstrength

massdensityof air

longitudinal.,lateral,andverticalordinates,respectively

longitudinal,lateral,andverticalvelocities,respectively

heightofplaneofwingabovefuselageaxis

Subscripts:

a downwashpoint

-1 onlowersurface

— .- -—.— —— .—— —. .-.— —— —



4 NACATN 3057

n particularpairofhorseshoevortices

u onuppersurface

Superscripts:

I dimensionlesswithrespectto a

* dimensionlesswithrespectto b/2

A barovera syniboldenotesthatthequantityisdimensionless
tithrespectto s.

BASICCONSIDERATIONS

MidWingConfigurationsWithAxisymmetricFuselages

IiIthemajorpartoftheanalysisthefuselageis assumedtobe an
infinitecylinder.To obtaina qualitativeestimateoftheeffectof
thefinitefuselagelength,thevariationwithfinenessratioofthe
liftonaneUipsoidofrevolutionwitha wingofinfinitespanwillbe
calculatedappro-tely ina subsequentsection.An approximatemethod
formakingthesmallcorrectionforthiseffecttillbeindicated.

Reviewofresultsobtainedby Lennertz.-Lennertz(ref.3) has
calculatedthelateralandlongitudinal13ftdistributiononthefuse-
lageofsm idealizedwing-fuselageconfiguration,inwhichthefuselage
isrepresentedby an infinitecircularcy13nderandthewingby a vortex
havingconstantspanwisecirculation.Thevorticestrailingfromthe
wingtipshaveimagesinsidethecy13nder,andtheboundvortexis
etiendedinsidethecylinderto jointhetrailingimagevorticesas
showninfigure1. Withthisconfiguration,theboundaryconditionof
zerovelocitynormalto thesurfaceofthecylinderis satisfiedonly
at infinityandintheplanenormaltothecylindersxiswhichpasses
throughthevortex,sothatitisnecessaryto superposean additional.
potential,whichis calculatedinreference3. Forthiscasethelat-
eral13ftdistributionis obtainedby consideringthemomentumchange
ina verticalplaneinfinitelyfarbehindthewing,andthelongitudinal
liftdistributionis obtainedby theuseofBernoulM’sequation.

hducedliftoninfinitecylinderwithfinitewinghavi~ constant
spanwisedistributionof circulation.-b thissectionthefuselage
lift ~ anditslateraldistributiond.Lf/dyareshowntobe unaffected
by theadditionalpotential,sothatonlythecomponentsof & and
@/~ duetotheVortexpotential-needbecalculated.
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With,allothersingularitiesneglected,thelifton a longitudinal
sectionofthecylinderdy (seefig.1)dueto thevortexpotential
is

be

calculatedaafollows:

Thepressu p ofanypointonthesurfaceofthecylindercan
written

P= [
po+&(uo+@ 2+ A$+A$]

whereh, Av,and Aw sre,respectively,thelongitudinal,lateral,
andverticalcomponentsofvelocityinducedby thevortices.Thesec-
tionlift dLf/dyisthenwritten

where ~ and Pz arethepressuresontheupperandlowersurfaces,
respectively.Then

% Jw

— = 2puo Audx
w -m

(1)

Onlythevelocitiesinducedby theboundvortexcontributetotheMft.

Itmsybe notedthat,sincethedistributionofthelongitudinal
velocitiesinducedby theboundvortexis symmetricalaboutitsaxis
ateverysectiondy,thelongitudinalcenterofpressureofthelift
duetothevortexpotentialis ontheaxisoftheboundvortex.

A closedexpressionfortheintegralin equation(1)maybe readily
derivedasfollows:Considertherectangularpathindicatedby the
dashedlineintheupperrightsketchinfigure1 andthecrosssection
downstreamat infinityshowninthelowerrightsketchofthesamefig-

ure. The13neintegral
$
A ds ofthetangentialvelocitycomponent

takenaroundthecompleterectanglemustbe r wherethepathlinks

(1I

a2
oneofthehorseshoevortices —

)
<IYI < tat~ andmustbe zero

b/2

( 1$ ).
whereitdoesnotlinkoneofthehorseshoevorticesO < JYI<

Thenthedesiredintegralinequation(1),whichis thelongitudinal.

.———— —————.— —— _. .——— —.——.. ___ .__——.. .——
—.—
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portionofthe

minustheWe
nl

coinpleteline‘integral4 $Auds, mustequal Auds

integralalongtheshortverticalUne atinfinity

J Aw(~,Y,Z)dz,where u refersto theuppersurfaceand Z refers
u
tothelowersurface.Thatis,

Since

@Aw=— —az
then

where ~ and @z arethepotentialsontheupperandlowersurfaces,

respectively,intheplane x = .. When

& = -qjz

a2

-1
< ]yl< la!,

b/2

.

PAuas=r

——
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andwhen O < fyi< ~ thestrengthoftheimagevortexlocatedat
a2 b/2
— isincreasedby YC:
b/2

& . .~z

[

r tin-lla-’ -tin-I-- ~, ta-~ - .~m-l -=—
a Y-$ y+:

[ Y-J Y+$]

=iv~-12;,%l
and

+
Cif3=o

(2),thelateralliftdistributionoftheinducedThen,fromequation
liftcanbe written

andsfterintegrationover y,

()a2
Lf=2pU#a -

b~ (4)

Theseexpressionsarethesame,exceptforthedifferenceinnotation,
astheexpressionsobtainedinreference3 for dLf/dyandthetotal
fu6elagelift L-f.Thecomponents
tionalpotentialmustthereforebe

of Lf and @/dy duetotheaddi-
zero.

—— —- —J —— .—. — —— .
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Thelongitudinalliftdistributiononthecylindercalculatedin
reference3, whichincludestheeffectoftheadditionalpotentialas
wellasthevortexpotential,is slightlydifferentfromthatwhich
wouldbe calculatedby takingintoaccounttheeffectofthevortex
potentialalone.However,bothdistributionsaresymmetricalabout
thesxisoftheboundvortex.Thelongitudinalcenterofpressureof
theliftduetothevortexpotentialmustbe atthebound-vortexaxis
becausethelongitudinalvelocitiesinducedonthesurfaceofthe
cy~nderby theboundvortexarethesameinfrontandinbackofthe
boundvortex,asnotedpreviously.Thatthelongitudinalcenterof
pressureoftheliftduetothevortexpotentialandtheadditional
potentialmustbe attheaxisoftheboundvortexisindicatedby the
calculationsofreference3 (althoughnotexplicitlystated)andcanbe
shownasfollows:

Superpositionof infinitevorticescancelingthesemi-infinite
trailingvorticesoffigure2(a)as showninfigure2(b)willnotchange
thelongitudinalliftdistributiononthecylinder,sinceno longitudinal
velocitiesareinduced.Itisapparentthatthesystemisthesameas
before,withthedirectionofthetrailinglegsofthehorseshoevortices
reversed;therefore,thelongitudinaldistributionontheinfinite
cylindermustbe symmetricalabouttheaxisoftheboundvortex,since,
if itwerenot,thelongitudinal.liftdistributionson thecylindersin
figures2(a)and2(b)wouldbedifferent.

Fromthesnalysisinthissectionofthewingandcylindercombina-
tionitcanbe seenthat,forcalculatingthe13ftonthecylinder,its
lateraldistribution,andthelongitudinalcenterofpressure,onlythe
effectofthe‘vortexpoteritialneedbe conside~d.Thisliftduetothe
vortexpotentialwillbe referredtohereinafterasthe“inducedlift.”

Simplifiedrepresentationofwing-fuselagecombination.-Inthis
paper,thewing-fuselagecombinationwillbe representedby a systemof
discretehorseshoevorticesandimages,sothatconfigurationswith
wingsofarbitraryplanforfnmaybe treated.Itisnecess~to super-
posetwopairsofhorseshoevorticesofthetypesshowninfigures1
and3 to obtainthevortex-imsgesystemoffigure4. Thevortex-image
systemoffigure4 canbe usedto representwingsof arbitraryplan
forminthemannershowninfigure5 by locatingtheboundvorticeson
thewingquarter-chofilineorby distributingthemoverthewingsur-
face.Sincethediscretehorseshoevortexbecomesa doublet13neas
thelengthoftheboundlegapproacheszero,it isalsopossibleto
representthewingby a continuousdistributionofdoublets.

Figure3 showsthelargerpairofvorticeswithspan 2(yn+ S)
andstrength+1’new thesmallerpairof span 2(yn- S) ~d
stren@h -I’.WhentheboundlegsofthesmalIleraremovedto coincide
withtheboundlegsofthelarger,thenetvortexstrengthalongthe

— — _ -—- —
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sectionwheretheycoincideis zero,andthe
largerboundlegsformtheboundlegsofthe

9

remainingsectionsofthe
desiredsystem(seefig.4).

Fromequations(3) and(4),thelateraldistributionoftheinducedMft
andthetotalinducedliftforthevortex-imagesystemshowninfigure4
we givenby thefollowingexpressions:

L

()+=%S* ‘a’
@r En Yn2 - ‘2

4

(5)

(6)

()cc2where —
Fn

Sinceit

istheloadingcoefficienton

islmownthatthelongitudinal

thewingatthestationyn.

centerofpressureofthe
inducedliftforeachpairofhorseshoevorticesandimagesis still
locatedattheaxisoftheboundvortex,itispossibleby superposition
to calculatethepitchingmomentonthefuselageinthepresenceof a
wingof arbitraryplanformif theliftdistributiononthewhg is
lmown,althoughthecompletelongitudinalliftdistributioncannotbe
calculatedunlessthecomponentofloadingduetotheadditionalpoten-
tial.iscalculated.ThetotalinducedliftanditslateralMft dis-
tributioncm alsobe calculatedby superposition.Themethodfor
calculatingthetotalinducedliftanditslateraldistributionand
longitudinal.centerofpressureisdiscussedin a subsequentsection,
andan illustrativeexampleisgivenin appendixB.

EffectofFiniteFuselageLengthon Inducedfit

b orderto obtainanestimateoftheerrorinvolvedintheassump-
tionoftheforegoinganalysisthatthefuselageis infinitelylong,an
approtiatecalculationwilJ.be madeoftheeffectof finenessratioon
theinducedliftofanellipsoidofrevolutionccmibinedtithaninfinite
vortex.TheMmitingcaseofthesphericalfuselageistreatedfirstin
themannerofVandrey(ref.5), andthenthegeneralcaseistreated.

. .—. ..———.— —— -—-—— —— — .—-.— —--— —— .—— -—
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Liftona combinationofsphereandinfinitevortex.-Thepotential
ofthespherecombinedwithaninfinitevortex(fig.6(a))iswritten

[

@ &++u@+*=—

wherethepotentialforthesphe~ inthefreestreamis

a3 1($~)3

[

fi~=u~l+~ a3

1(J~2)3

andthepotentialforthevortexis

(7)

(8)

(9)

Theldfton a sectionofthesphereintheplane y = Constantis

where pu and Pz arethepressuresontheupperandlowersurfaces,
respectively.FromBernoulM’sequation,

P= [ 1
~o+*(u+~) 2 + (V+AV)2 + (W+AW)2

and

PU-P1 =2p(uAll+wAw)

(II)

where Au, Av,and Aw arethevelocitiesinducedby thefortexonthe
upperhalfofthesphereand u, v, and w arethelocalvelocitieson
thesurfaceofthesphere.Thus

——
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,

Au=&2= Aw=~ x
a - Y2 231a2-

1

y2

3U az-xpu =—
2°a2 guo~w=-

Theliftonthesectionat y = Constantis

% 3 r Puo
w

—=. —
w 2 II T$ J

-VL=7z”

.

whichmaybe writtenintheform

@ Jf(y)
— = P%ax 2Auax
m -f(y)

since

andsince

U=unax

when x = o, sothat

3Uo%ax’~

(12)

(13)

(14)

ForsninfinitecyMnderwithaninfinitevortex,equation(14)willalso
hold. Inthiscase

&=u~

—. --. .— —— ——
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Au=&2 i’=+
a -yz+xz

f(y)= ~

Fromequation(13)or (14)theliftobtainedforthesphereis

andforthecylinder

Equation(14)givestheexactresultforthecaseofthesphere
withan infinitevortexandthesameresultasthemethodofreference3
forthecaseof aninfinitecylinderwithaninfinitevortex.There-
fore,equation(14)presumablywouldgivea qualitativeestimatefor
theintermediatecaseof anellipsoidofrevolutionhatinga fineness
ratiobetween1 andinfinity.Thisassumptionismadeinthefollowing
sectionandthevalueobtainedfortheinducedliftby usingequation(14)
is showntobe verycloseto thatobtainedby themoreaccuratemathe-
matical.treatmentofVandrey(ref.5) forthecaseof anellipsoid
havinga finenessratioof5.

Lifton a combinationofellipsoidandinfinitevortex.-Thelocal
liftontheellipsoidisgivenbyequation(14):

dq

J

f(y)
—’P%
w

2&ldX
-f(y)

Fromfi~ 6(b),

““/o2
f(Y)=dl-~

.

_ .— .—..-

.,

.

———



NACATN 3057 13

Au -’ -=—a.2+a2[-(Yr-(:fl

Theintegrationindicatedinequation(14)yields

(16)

(17)

Thevaluesof UW/Uo givenas a functionofthefinenessratioin
reference6 areshowninfigure7.

1%Figure8 showsa plotof —— againstd/a. Theresultofapuorcw
calculationfromreference~ forthecaseof anelltpsoidwith ~ = 5
fallsnearthecurvein figure8. Sincethecalculationsofreference5
appeartobe accurateto 0.05,theagreementmsybe evenbetterthanis
indicatedinfigure8. Theresultsofreference5 areobtainedbydif-
ficultcomputationsforeachbodyseparately,andthemethoddoesnot
yielda generalexpressionsimilartoequation(17).

Figure8 indicatesthattheinduced13ftontheellipsoidshaving
highfinenessratios(: )> 5 is about90percentoftheinduced13fton
theinfinitecylinder.Sincethefuselageis similarineffectto a
semi-infinitecy13nderbecauseofthewakewhichextendsbehindit,the
lossinliftdueto thefinitefuselagelengthis abouthalfofthat
indicatedby thecalculationfortheellipsoidofrevolution.Thevslue
of inducedliftobtainedby assumingthefuselagetobe aninfinite

cylindermaybe multipliedby thefactor:(l+R/$) to correctfor

thefinitefuselagelengthinthepresenceof aninfiniteiring;however,
thisapproximatecorrectioncanoftenbe neglectedsinceitisnearly
unityformostpracticalfinenessratios.Sincethecorrectionissmall,
itisassumedthatitmsybe applieddirectlyforthefinite-wingcase

( ‘m)withoutintroducingsignificanterror,sothatthefactor~ 1 +

istobe multipliedby equations(5)and(6)to correctforfinite u
fuselagelength.

— ._._.—_ ..—.—. —.. —-. ——-—-— — ——— ——.— ——- .—-
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APPLICATIONOFSIMPLIFIEDMATHR@TICKGMODELTO CMCUIATION

OFAERODYNAMICLOADINGANDDOWNWASH

b thefollowingsections,themethodforcalculatingtheinduced
liftwillbe describedanddiscussed,andmethodsforcalculatingthe
spanwiseloadingonthetingandthedownwashwillbe out13ned.The
methodsforcalculatingthedownwashandspanwiseliftdistributionare
notrigoroussincetheeffectoftheadditionalpotential,whichhas
notyetbeencalculated,mustbe approximatedby a simplecorrection.
Althoughthevalidityofthecorrectionmustdependon experi.mentsl
verification,itisbelievedtobe adequate,andtheexactvalueof
theadditionalpotentialmsybe incorporatedintothemethodimmediately
whenit iscalculated.

MethodforCalculatingInducedLiftonFuselage

Ifthe13ftdistributiononthewinginthepresenceofthefuse-
lageislmown,ssyfromreference7 (seefig.9) orthemethodoutlined
inthefollowingsection,theinduced13ftmaybe calculatedverysimply.
Formidwingconfigurationswithfuselagesof circularcrosssection,
equations(5)and(6)areusedto calculatethemagnitudeoftheinduced
lift,itslateraldistribution,anditslongitudinalcenterofpressure,
asshowninappendixB. Forconfigurationswitharbitr~ crosssection
andwinglocation,theresultsofappendixA mustbe used. Themethod
ofappendix.A,however,wi~ notgivethelateraldistributionofthe
inducedlift.

A samplenumericalcalculationis shownin appendixB forthemid-
wingconfigurationwiththecirculsxfuselage.Itisnecesssryonlyto
substituteintoequations(5)and(6)thevalueofloadingcoeffi-

CCJ
cient— foreachofthediscretehorseshoevortices.Thevaluesof

z %theincrementsofthelateralliftdistributionsA— onthefuselage
w

dueto allofthehorseshoevorticesandtheirimagesobtainedfrom
equation(5)aresuperposedto getthecompletelatersd.ldftdistribu-
tion dLf/dy.Theincrementoftotal13ft A& foreachpairofhorse-
shoevorticesandimagesactsatthebound-vortexaxis,andthelongi-
tudinalcenterofpressureofthetotallift ~ is obtainedsimplyby
dividingthesumofthemomentsoftheincrementaltotalliftsA@ by
thetotallift & (thesumofthe’increments~).

Jncalculatingthelongitudinalcenterofpressureoftheinduced
lift,theboundlegsofthewinghorseshoevorticesshouldbelocated
atthesectioncenterofpressure.Sincethepresentmethodsdonot

.

*

“
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a meansforcalculatingthechordwiseliftdistributiononthe
thepresenceofthefuselage,thesectioncentersofpressure

wereassumedto lieonthewingquarter-chordEne asin approximate
calculationsoftheaerodynamiccenterofthewingalone.However,a
betterapproximationtothelongitudinalcenterofpressureofthe
inducedldftmaybe obtainedby assumingthatnearthewing-fuselage
junctureandnearthewingtipthespanwisevariationofthesection
center-of-pressurelocationisthesameasthatneartherootandtip
ofthewingaloneasdeterminedfrommeasurementsorlifting-surface
Calclilstions. Curvesinreference8 showingthe.spanwisevariationof
sectioncenterofpressureforseveralwingplanformsmayserveasa
guideforestimatingthewing-alonevaluestobe usedinpreliminary
calculations.

Theresultsofthecalculationforthelateraldistributionof
inducedHft andthelongitudinalcenterofpressurecsrriedoutin
appendixB arepresentedinfigures10 andU.,respectively.Figure
showstheincrementoftotallift ~ contributedby eachpairof
vorticesandimges andit canbe seenthatthecontributiontothe
totalUft Lf duetotheoutboanipartofthewing(thecomponents
fsrthesttotherightinthefigure)is smallcomparedwiththecon-
tributionoftheinboardpartofthewing. Theinducedliftonthe
fuselagehasalsobeencalculatedby usingthewing-alonespanwise

11

liftdistributionshowninfigure9;thatis,theeffectofthefuse-
lageonthewingisneglected.Itcanbe seeninfigures10and11
that,althoughthereisabouta 10-percentincreaseinthemagnitude
of dLf/dysnd ~ duetotheeffectofthefuselageonthewing,
thelateralandlongitudinalloaddistributiononthefuselageisprac-
ticallyunaffected.Thecorrectionforfinitelengthhasnotbeen
includedinthecalculations.Thiscorrectionwoulddecreasethe
magnitudeofthelift,butitwouldnotalterthelateralorlongi-
tudinal.distribution.

Thetotalliftandmomentonthefuselagecanbe obtainedby
addingthecomponentsof13ftandmomentdueto theinducedEft to
thecomponentsof liftandmomentdueto thelocalangleofattackof
thefuselage(whichcsmbe calculatedasshowninref.2). Thelift
andmomentonthepartofthewingoutboardofthefuselage,calculated
by themethmlofreference7 orthemethodofthispaper(describedin
a subsequentsection),msythenbe addedtotheliftandmomentonthe
fuselageto getthetotalliftandmomentonthecombination.

. -. ——- —.— ——— -——- ..__ .— —
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OutllneofMethodforCalculatingLiftonWingin

PresenceofFuselage

ThelAftdistributiononthewingwillbe calculatedby equating
thedownwashangleinducedatthethree-quarter-chordlineby the
horseshoevorticescenteredonthequsrter-chordWe (seefig.5)to
thelocalangleofattackonthethree-qyarter-chordlineatseveral
pointsalongthespan.Sincetheboundaryconditionsonthefuselage
arenotcompletelysatisfiedby thevortex-imagesystemoffigure5 in
theregionneartheboundvortex,it isnecess~ to resortto certsdn
approximationsincalculatingthedownwash.Calculationoftheexact
valuesofthesedownwsshfunctionswouldrequirethecalculationofthe
adMtionalpotential,whichinvolvesa greatdealoftimeandeffort,
butif suchcalculationsweremadethevaluescouldbe useddirectly
inthepresentmethodad therestrictionssuggestedinthefollowing
paragraphwouldbe eliminated.

Theapproximationsdescribedinthefollowing
thelongitudinaldistantefromthedownwashpoints
increases,sothatthismethodis consideredtobe

—

sectionsimproveas
to theboundvortex
bestsuitedforcon-

figurationshavinga fairlysmaldratioofdiameterto rootchord,ssy

forstraightwingswith Diameter< 1. ~ andforsweptwingswith
Rootchord

Diameter< ~e Calculationsoftheaerodynamicloadingon a wingand
Rootchord= 3
tip-tankcombination,by a methodcorrespondingtotheonedescribed
hereinwiththedownwashpointslocatedabout1 tip-tankdiameterbehind

( )’theboundvortex‘i-ter = ~ havebeenfoundtoyieldresultsin
Tipchord

goodgeneralagreementwithexperimentalresults(ref.9).

DownwashnearboundvortexofwinR.-Althoughtheboundarycondi-
tionsaresatisfiedcompletelyonlyatinfinity,thetrailinglegsofa
singlepsirofhorseshoevorticesandimagesalsosatis~theboundary
conditionsonthecylinderintheplsmeperpendiculartothecylinder
axiswhichpassesthroughtheboundlegsofthehorseshoevortices.In
addition,theboundaryconditionsonthecylinderaresatisfiedcom-
pletelyby thesemi-tiimitevortex-imagesystemeverywhereintheplane
ofthehorseshoevortex.Sincetheboundaryconditionsonthecylinder
aresatisfiedexactlyatthepointsnoted,andarepartlysatisfied
everywhereelse,itwXIJ_be assumedthatthedownwashdueto thetrailing
vorticesmaybe calmilatedapproximately,atleastintheplaneofthe
horseshoevortex,withoutintroducinganycorrectionfactor.

However,a correctionfactormustbe usedin calculatingthedown-
washduetotherealandimageboundvorticeswhichhavethegreatest
tendencyto violatetheboundaryconditionof zerovelocitynormalto
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. thesurfaceofthecykhder. b theplaneofthewing,alonga line
paralleltotheboundvortex,theeffectofthecy~nderonthevertical
flowinducedby theboundvortexis assumedtobe thessmeasitseffect
ona two-dimensionaluniformrectilinearflow,sothatthedownwash
inducedby theboundvorticesonthatlineisincreasedby thefac-

aZ
tor 1 + —.

Ya2

Thedownwashangle
fig.&) isthenwritten

atapoint y=ya and x.xa (shownin

lb cc
10[

a2——
‘=41TA2S n &n

(]
n(x~Y~O)+ &(x)YJO)1 + ~ (18)

Ya

wherethedownwashfactordueto thetrailingvorticesFn andthe
downwashfactordueto theboundvortices~ maybe calculatedby
theBiot-Savartlaw.

ThefunctionFn isthesumoffourterms,eachhavingtheform

1

[

Za - Zn 1+1-~n
‘ya+l~Yn -7a+ l)2+(~-~)2

r ——.
1 ‘a-% +1

Fn ‘7a-l
(?a- Ya - 1)2+ (~a- %)2

L —

(thetermcorrespondingto thetrailinglegsofthehorseshoevortex
centeredat y = yn),andthefunction~ isthesumoffourterms,
eachhavingtheform

(thete~njorrespondingto theboundlegofthehorseshoevortexcentered
at y= ,

—. — — ————— —
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Schemeforcalculatingspanwiseliftdistributiononwing.-Thelift
distributiononthewingis calculatedby equatingthedownwashangleon
thewinginducedby thevortex-imagesystemtothelocalangleofattack
onthethree-qyarter-chordMe ofthewingat m pointsasinreference7.
Thusequation(18)iswrittenforeachofthe m stations,andthesi.mul-

()
ccl

taneousequationscanthenbe solvedfor ~n at m pointsonthe
span.The + marksinfigure7 indicatethepointswherethedownwash
is equatedto thelocalangleof attack.

Theeffective@e of attack~ isequalto
ofattackofthewing ~ plustheangleofattack
fuselage:

% =ug+uf~

and

a2
*’

()
=cLfl+— -%?

Ya2

thegeometricangle
inducedby the

(19)

(20)

where up isthegeometricangleofattackofthefuselageandthefac-
a2

tor l+— takesintoaccounttheincreaseintheverticalvelocity
Ya2

ofthefreestreamintheneighborhoodofthefuselageascalculatedby
assumingthefuselagetobe aninfinitecylinderina two-dimensional
uniformrectilinearflowof_tude Uoq.

Theeffectoffinitefuselagelen@h (referredto inref.7 asthe

“infloweffect”)mustbe includedseparatelybymultiplying~ at

eachspanwisestationby thefactor1 + 2s,where e istheratioof
thelocslincrementoflongitudinalvelocityduetothefuselsgetothe
free-streamvelocity.As shownin reference7,thefactor1 + 2G is
usedto accountapproximatelyforthesmallincreaseindynamicpressure
oftheflowoverthewingduetotheincreaseinthelocallongitudinal
velocitynearthesurfaceofa fuselageoffinitelength.
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OutlineofMethodforCalculatingDownwash

Thedownwashcalculationsmadeinthissectionareforthecaseof
thewingatanangleofincidencewiththefuselageat zerogeometric
angleofattack.Theaccuracyofthecalculatedresultsmustbe verified
by experimentalresults;however,by comparisonwithresultsofdownwash
calculationsforthewingalone,theresultsofthecalculationsforthe
downwashbehindthewing-fiselageconibinationmsyserveto giveuseful
informationregsrdingtheeffectofthewing-fuselageinterference.

Aswasnotedpreviously,theboundaryconditionsonthewing-fuselage
cofiinationarecompletelysatisfiedby thevortex-imagesysteminfinitely
fsrbehindthewing. At a greatdistancebehindthewing,therefore,
thetheoreticalvalueofthedownwashcanbe calculatedaccuratelyfor
a givenspanwiseMft distribution.Thiscalculationis simple,andthe
resultsmsybe usefulforcertainapplications.However,theapproxima-
tionsmadeintheprecedingsectionforcalculatingthedownwashatthe
wingthree-quarter-chordllnemaygivemoreaccurateresultsforthe
downwashintheplaneofthewingintheregionnearertheboundvortex.

Iftheliftdistributiononthewingisknown,ssyfromthemethod
ofreference7 orthemethodoutlinedinthispaper,thedownwashangle
intheplane x = m msybe calculatedby addingthedownwashdueto
eachpairoftrailingvorticesandtheirimages.Thus,fromtheBiot-
Savartlawandfigure4, thedownwashangle~ atthepoint y = ya,
z =za, ~d x=rn isgivenas

. — ICC.\
% .—\l L J I -E.- fm \

where

Fn =
Tn -ya+l

(Fn- 7a+ 1)2+ ~a2

—_
Yn+Ya-l +

(Yn+Ta - 1)2+Ea2

-2
‘a

~ (CCZ/E)nistheloadingcoefficientatstationan.

(22)

—.-.—— .-. .— _ _ ,_ —— —. ———. —.— _—_.



20

Therepresentationofthewakeby discrete
ifthedownwashis calculatedatpointshalfway
legs(Ya= Yn)s Thevaluescalculatedatthese

NACATN3057

vorticesis satisfactory
betweenthetrailing
pointsmy be fairedto

obtaina continuousspsmd.sedistributionofdownwashangle.

CONCLUDINGREMARKS

Forthepurposeof calculatingthelongitudinalloadingonthe
fuselagein subsonicflow,amidwingwing-fuselagecombinationwith
fuselageof circularcrosssectionhasbeenrepresentedby a system
tiscretehorseshoevorticesandimages.By usingthissimplified
mathematicalmodel,ortheextensionofitgiveninan appendixfor

a
of

nonmidwingconfigurationswithfuselagesof arbitrarycrosssection,a
methodisderivedforcalculatingtheliftonthefuselageinducedby
thewing. Th~methodis ilJustratedbya numericalexample.This
“inducedlift canbe addedtotheliftonthepartofthewingout-
boardofthefuselageandtheliftonthefuselagedueto theupwash
inducedby thewingto getthetotalloadingonthewing-fuselagecom-
bination.

h additiontothemethodforcalculatingtheinducedlift,which
istheoreticallyrigorous,methodsforcalculatingthedownwashfar
behindthewingandforcalculatingthespsnwiseliftdistribtiionon
thewingformidwingconfigurationswithaxisymmetricfusekgesare
outlined.h calculatingthespanwiseliftdistribution~nthewing,
appro-tions aremadeto accountfortheeffectofthe additional
potential.,”sothatthemethodisnotrigorous.However,theeffectof
theadditionalpotentialmayeasilybeincorporatedintothemethod
whenitiscalculated.

LangleyAeronauticalLaboratory,
NationalAdvisoryComnitteeforAeronautics,

ImgleyField,Va.,November13,1952.
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APPENDIXA
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.

CAICUIATIONOF INDUCEDLIFTFOR

ARBITRARYCROSSSECTIONAND

CONFIGURATIONS

mm WATION

Thisappendixindicateshowtherelation,giveninreference4,
betweenthemsgnitudeoftheinducedUft on a cylindricalfuselage-
andtheliftdistributiononthewingcanbe generalizedsothata
simpleequationcanbe obtainedfromwhichthelongitudinalcenterof
pressureoftheinducedliftmaybe calculated.Reference4 showsthat
thefoil- relationwillholdbetweenthetotalliftinducedon a
cylindricalfuselageofarbitraqcrosssectionandtheldftdistribu-
tionon a winginthehorizontalplane z = Constant:

Lf =Jwmor(y)g(dw (Al)

where y isthelateralordinate,I’(y)isthespanwisedistribution
of circulation,g(y) iStheincrementintheflowvelocityno- to
theplaneofthewingproducedby a unituniformtransverseflownormal
tothecylinderaxis,and W indicatesthattheintegralistakenover
thespanoftheexposedwing.

lb orderto generalizeequation(Al)sothatthecenterofpressure
oftheinducedliftonthefuselagecanbe calculated,itis convenient
to considerwingelementstobe representedby horseshoevorticeshaving
boundlegsofvanishinglysmalllengthbyn lyinginthehorizontal
plane z = Constantwithtrailinglegsparalleltothex-axis(longi-
tudinal EKis).
thesehorseshoe
definedby

where yn isthe
canbe shownthat

Ona cylAnderhavingitsaxiscoincidingwiththex-axis,
vorticeswilleachinducea liftofmagnitudeb~,

mf=j
Yn+yn

laterallocation
thelongitudinal

puor(yk(y)w (A2)

ofthecenteroftheboundleg. It
locationofthecenterofpressure

ofthisinducedlift 5L.- is at xn}thesamelongitudinallocationas
theboundlegof thehorseshoevortex.Theproofisexactlythesamein ~
allessentialsasthatpresentedinthebodyofthispaperforthecase
of a circularcylinderwitha finitehorseshoevortexlocatedinthe
plane z = O.

-. ——_——
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Fromtheseconsiderations,itis clearthatthetotalinducedlift
onthefuselageanditslongitudinalcenterofpressureXm canbe
givenasfollows:

n

JIrf=puo 7(%Yk3(Y)ds
s

puoJ
Xy(x,y)g(y)ds

xcp=
s

$

where 7(x,y)isthestrengthofaninfinitesimal

-r

(A3a)

(A3b)

horseshoevortex
centeredat (x,y),andtheintegrals- tobe takenovertheexposed
wingsurfaceS. Itmaybe notedthat,whereasequation(Ma) isvalid
atallsubsonicandsupersonicMachnumbers,equation(~) isvalidonly
at subsonicMachnunibers.

Equations(Ma) and(~) represent,ingeneral,thedesiredequa-
tionsforthemagnitudeandcenterofpressureoftheinducedUft on a
cylinderinthepresenceof a ltftingsurface.h orderto ilIlu@rate
theirapplication,theywillbedevelopedforthecaseof a circular
fuselagewitha liftinglineofhorseshoevorticesandtillbe reduced
sothatthesimplecomputationalprocedureofappendixB canbe used.

Fora circularcyllnderofradiusa, g(Y) isgivenas

g(y)= a2(y2 - z2)

(y2 + 22)2

Whenthewingisrepresentedbya liftingldne,equation(Na) hasthe
sameformasequation(A2)andtheincrementin lift ALf duetotwo
horseshoevorticesof strengthr hawingspans2s andlocatedinthe
horizontalplane z = zh

J

yn+s
fxGf=2puor

yn-S

at +yn ~d ‘Yn is

a2y2 . %2
)0

(y2+ zh2)2

()ccl= 2qs— Yn2- S2- zh2a2S* (~)En
zh4+ 2zh2(y’n2+S2)+ (yn2- S2)2

Itmaybe notedthatforthemidwingcase zh= 0, equation(A4)is
identicaltoequation(6).

.

.
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APPENDIX B

ILLUSTRATIVEEXAMPIEOF INDUCED-IJFTCALCULATION

A numericalexampleis givento illustratethemethodpresentedin
thebodyofthepaperforcalculatingtheinducedliftonthefuselage.

GeometricCharacteristicsof ConfigurationUsed

in IllustrativeExample

Theplanviewof thewing-fuselageconibinationis essentislQthe
sameas showninfigure3. Thegeometricdatame:

Aspectratio. . . . . . . . . . . . . . . . . . .
Taperratio . . . . . . . . . . . . . . . . . . .
Sweepback,deg. . . . . . . . . . . . . . . . . .
~*. , . . . , , . . . . . . . . . . . . . .* . .
S*. . . , . , . . . . . ● . . . . . . . . . . . .

SpanwiseIOadingonWinginPresenceof

Thespsmiseliftdistributiononthewingin

. . . . . . . . 8

. . . . . . . . 0.45

. . . . . . . . 45

. . . . . . . . 0.10

. . . . . . . . 0.05

Fuselage

thepresenceofthe
fuselagefora high-midwingconfiguration,tabulatedbelowandshownin
figure9,wasobtainedby themethodofreference7. Itis qualitatively
correctforthepuremidwingcaseandisusedto illustratetheprocedure
forobtainingtheinducedliftonthefuselageanditslateraldistribu-
tionsndlon@tudinslcenterofpressure.Theliftdistributiononthe
wingin the~resenceof
asfollows:

n

1
2

;
5
6
7
8
9

thefuse-we,plottedinfigure9, is tabulated

(–-)ccl
Yn* xn*

En

0.15 0.15 0.369
.25 ●25 .366
.35 .35 .356
.45 .45 .338
●55 ●55 .319
.65 .65 .300
“75 ● 75 .266
.85 .@ .241
●95 .95 .200

----- ..——- ———- — — ~—. .——. —.— --———--——
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LongitudinalDistributionof InducedLift

Equation(6),whichgivestheEft onthefuselagedueto a single
pairofhorseshoevorticesat (xn’,~n’) andtheirimages,canbe .
written

* ()ccl 2
—=— S*
C& =n 12

Yn -612

Thetotallift Lf/qS isthen

% x(–)ccl 2_.s*
qs n E nyn 12.- S*2

(Bl)

(B2)

Thelongitudinal.centerofpressurereferredtotheintersectionofthe
quarter-chordlineandthefuselagesxisofsymetzy(seefig.5) is

Thecomputedvaluesof Lp/qS smd ~’ areobtainedfromthevalues
presentedinthefollowingtable:

2

I (-)

ccl 2

()

ccl
n 2

12 12 z 12
Yn ‘s n Yn - S’2 =nyn’2- S12xn’

:

1

;
4
5
6
7
8
9

1.000
.333
.168
.100
.066
.048
.036
.028
.022

0.369
.122
.060
.Oyl
.Ozl
.014
.010
.007

0.554
.305
.210

..153
.116
.091
.Q75
.060
.048

. .. ——-_
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9 Ccz

()
$=0.05Z — 2 = 0.032

1 !2~ nyn -612

-a–)ccl 2
Xn‘

1 F nyn 12- ~12

‘w’ = . = 2.51

5(–)cc
2 2

1 E nyn :2- ~@

Thevalues

figureIl. The

()Ccz 2of s*— areplotted
E t2 !2nyn -6

location

asvectorsin

of Xcp‘ iS dSO showne

Lateral

Equation(5),which
liftonthefuselage
(xn’,&n’) @ their

due

DistributionofhducedIdft

givesthelateraldistributionoftheinduced
to a singlepairof

images,canbewritten

—

~m-~ 2(yn’ - dc7
(Yn’ ‘s’)2-1 -

horseshoevorticesat

~m-12(yn’+ S’)jl-y’p

(yn’+ S’)2-1
L

ThetotalMft ata station~’ onthefuselageikthen

(J35)

. . . ... ——. .-- ——— — ----—- —-— — —-— -—- ——.— —.——
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Thevalueof %Iw ~% *I = 0.25 is calculatedfromthevaluesin
qE

thefollowingtshle(thelateralliftat anystation~‘ canbe calcul-
ated in a similarmsnner):

oI ,0II
-12(yn’- s’)- tm., 2(yn’+ s’)43 ccl

n tsll
(y=’- S’)*-1 (yn’+ S*)2-1 (Y)@- @)m

1 1.571 0.918 0.241
2 :g; .633 ●104

.481 ●@
i .481 .387 .032
5 .387 .324 .020
6 .324 .279 .014
7 .~9 .244 .010
8 .244 .217 .007
9 .217 .lg5 .005

x = 0.487

Thus,at y’ = 0.25,

/

“w = :(0.487) = 0.310
qc!

Theco&pletelateralMft distributionisshowninfigure10.

—
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Figurel.-Cotiinationof horseshoevortexandinfinitecylinder.
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Figure2.-Illustrationshowingsuperpositionof infinite
on cylinderandhorseshoe-vortexsystem.

trailingvortices
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images.
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Figure 4.- Cylinderwitha pairof symmetric- disposalhorseshoe
vorticesandtheirimages.

._ _.—._.. _— - –— _.——
—— ——————___. .— .—— ——



32 NACATN3057

I
I
I
I
I
I

i

I
I

I
I

I

I
I

I
I
I
I

I
I

I

1x

\ l\
w
1“\

\
i‘+
\’

,
J

“ i

\

\\

.

‘+
\ .

t

\

.\
+

\

‘+.
\

Figure5.- Cylinder-wing
ratio,

I
I

\-

\\

,

‘+
‘<

\ \’
\

‘+
\’

\

——*y

combination.Sweepbackangle,45°;taper
0.45;A= 8; a*= O.lo.

.



5K

. NACATN 3057

t

33

I

I
(a)ihfinite-vortex-sphereconfiguration.
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I

(b)IMinite-votiex-ellipsoidconfiguration.

Figure6.-Jllustrationsof spherewithinfinitevortexandellipsoid
withinfinitevortex.
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Figure 9.- Iateral 13ft distribution on the %lng alone end on a wing-
fuselage combination. Sweepback @e, 45°; taper ratio, 0.45;
A= 8; a* = 0.10.
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